In this paper we study G-extensions of real and complex representations of a closed normal subgroup H of a compact Lie group G when G/H is connected. The main result gives a necessary and sufficient condition for every complex irreducible H-module to extend to a G-module. In particular, we show that every complex H-
Introduction
Let G be a compact Lie group and H a closed normal subgroup of G. We say that an H-module V extends to a G-module if there exists a G-module called a Gextension such that its restriction to H is isomorphic to V . The same terminology is accordingly defined for representations. The question of the existence of extensions is one of the classical problems in finite group theory, and many people have studied it. In particular, in case G is finite, every complex irreducible H-module with G-invariant character extends to a G-module if the second group cohomology H 2 (G/H, C * ) vanishes, see [Isa76, Theorem 11 .7] for more details. Even though the extension problem is well known for finite groups, not much seems to be either known or written in literature for infinite groups. In this article we study the extension problem for compact Lie groups when the base field is real or complex. Our main extension result gives a necessary and sufficient condition for every complex irreducible H-module to extend a G-module when G/H is connected. The motivation of the present article comes from the study of fiber module structure of equivariant vector bundles. More precisely, in case when H acts trivially on a connected space X, the fiber H-modules of G-vector bundles over X are determined uniquely up to isomorphism. Thus for a given H-module V the existence of a Gextension of V is closely related to that of a trivial G-vector bundle with V as its fiber H-module. In fact, if V does not extend to a G-module, then every G-vector bundle with V as its fiber H-module is nontrivial. A closer relation can be found in [CKMS99a, CKMS99b] when the base space is homeomorphic to a circle with an action of G.
This paper is organized as follows. In Section 2 we treat the extension problem when G/H is a torus. In Section 3 we shall prove the main extension result, and give a more general condition for an H-module to have a G-extension in Proposition 3.5. The last section is devoted to the cases which occur in studying G-vector bundles over a circle, that is the cases when G/H is isomorphic to a finite subgroup of O(2). The tools to solve the extension problem are quite different depending on whether G/H is finite or not, so some technique from character theory of finite groups will be used to achieve extensions when G/H is finite. Proposition 4.2 and 4.3 deal with the extension problem over the complex field when G/H is finite cyclic and dihedral, which are generalizations of the well known results in finite group theory. We also treat the same cases over the real field in Proposition 4.5 and 4.6.
The authors wish to thank Professor Mikiya Masuda of Osaka City University for many valuable discussions on the overall contents of the article. In fact, the motivation of subject treated in this article is originated from the joint articles [CKMS99a, CKMS99b] with him. The authors also wish to thank Professor I. Martin Isaacs of University of Wisconsin and Dr. Hi-joon Chae of Korea Advanced Institute of Science and Technology for many helpful discussions on finite and Lie group representations.
Extensions when G/H is a torus
In this section we treat G-extensions of complex representations of H when G/H is a torus. We first consider a general lemma for extensions of homomorphisms. Let G be a topological group and H a normal subgroup of G. Every homomorphism will be assumed to be continuous. Proof. The necessity is obvious so we prove the sufficiency. Define a map ρ :
Given a character χ of H and g ∈ G, a new character g χ of H is defined by g χ(h) = χ(g −1 hg) for h ∈ H. We say that the character χ is G-invariant if g χ = χ for all g ∈ G.
Note that G-invariance of a character is a necessary condition of a representation of H to have a G-extension.
In the extension problem of representations, the second condition of Lemma 2.1 is closely related to projective representations as the following lemma shows (see [Isa76, Theorem 11 .2] for finite groups). Here we assume that G is a compact Lie group and H is a closed normal subgroup of G. 
Proof. Since the character of ρ is G-invariant, the conjugate representation g ρ : H → U(n) for each g ∈ G defined by g ρ(h) = ρ(g −1 hg) is isomorphic to ρ. So there exists an element M g ∈ U(n) such that M −1 g ρ(h)M g = ρ(g −1 hg) for each g ∈ G. Since ρ is irreducible, M g is unique up to multiplication by nonzero constant in S 1 ⊂ C * . Hence the correspondence g → [M g ] defines a map ρ ′ : G → U(n)/S 1 which is a homomorphism.
It remains to show that ρ ′ is continuous. It suffices to show that ρ ′ is continuous at the identity element e of G. Let V be a given open neighborhood in U(n) containing p −1 (ρ ′ (e)). We now find an open neighborhood U of e in G such that p −1 (ρ ′ (g)) ⊂ V for all g ∈ U. Consider the continuous map Φ :
This shows that p −1 (ρ ′ (g)) = U g (n) H ⊂ V for all g ∈ U, which proves the continuity of the homomorphism ρ ′ .
In case that G = SH for a subgroup S of G, we note that any homomorphism ϕ of S such that p • ϕ = ρ ′ | S satisfies the second condition of Lemma 2.1. Therefore the extension problem of ρ is the same as to find a lifting homomorphism ϕ of ρ ′ | S satisfying the first condition of Lemma 2.1. In this way we will prove the case when G/H ∼ = S 1 . Proposition 2.3. Let G be a compact Lie group and H a closed normal subgroup such that G/H ∼ = S 1 . Then every complex H-module extends to a complex G-module.
Proof. It suffices to prove the proposition when the complex H-module is irreducible. Let ρ : H → U(n) be a unitary irreducible representation associated with the given complex irreducible H-module. Note that the character of ρ is
We first find a circle subgroup S of G such that G = SH. Let π : G → G/H be the canonical map, and let G 0 denote the identity component of G.
we may view π| Z as a one-dimensional unitary representation of the torus Z. So we can find a closed circle subgroup S ⊂ Z such that π(S) = G/H. This implies that G = SH and, furthermore, S ∩ H is finite cyclic.
We next find a lifting homomorphism ϕ : S → U(n) of ρ ′ | S satisfying the first condition of Lemma 2.1. It is not difficult to see that the restriction of ρ ′ to S factors through U(n), namely ρ ′ | S lifts to a unitary representation ϕ 0 : S → U(n) such that
Let t 0 be a generator of the finite cyclic group S ∩ H. Since p • ϕ 0 = p • ρ on S ∩ H, ϕ 0 (t 0 ) = ξρ(t 0 ) for some ξ ∈ S 1 ⊂ C * . Choose a one-dimensional unitary representation τ of S such that τ (t 0 ) = ξ −1 , and define a unitary representation ϕ : S → U(n) by ϕ = τ ⊗ ϕ 0 . Then ϕ is a desired lifting homomorphism of ρ ′ | S satisfying the first conditions of Lemma 2.1.
Corollary 2.4. Let G be a compact Lie group and H a closed normal subgroup such that G/H is connected abelian. Then every complex H-module extends to a complex G-module.
Proof. Since G/H is compact connected abelian, G/H is isomorphic to a torus. So we have a finite chain of subgroups
Therefore any H-module extends to a G-module by applying Proposition 2.3 inductively.
Extensions when G/H is connected
In this section we study the extension problem when G/H is connected. We first consider the case when G/H is semisimple. Let G be a compact Lie group and H a closed normal subgroup such that G/H is semisimple and connected. We recall a well known result in Lie group theory (see for instance, Proposition 6.14 in [HM98] ).
Lemma 3.1. There is a semisimple connected closed normal subgroup S in G such that G = SH and the map S × H → G sending (s, h) → sh is a homomorphism with a discrete kernel isomorphic to S ∩ H.
Remark. Proposition 6.14 in [HM98] deals with the case when G is connected. However, the same proof holds even if G is not connected, since G/H is connected.
The following lemma implies that the existence of a G-extension is completely determined by the restriction of a given H-module on S ∩ H.
Proof. Note that S commutes with H, since the map S × H → G sending (s, h) → sh is a homomorphism. To prove the sufficiency, it is enough to choose the trivial representation ϕ of S, i.e., ϕ(s) = I for all s ∈ S. Since S commutes with H, the two conditions of Lemma 2.1 follow immediately.
On the other hand, suppose ρ is a G-extension of ρ. Since S commutes with H, we have ρ(s) −1 ρ(h) ρ(s) = ρ(h) for all s ∈ S and h ∈ H. Then the Schur's lemma implies that ρ(s) is constant for all s ∈ S. But the trivial representation is the unique complex one-dimensional representation of the semisimple Lie group S. Therefore, ρ is trivial on S, in particular, on S ∩ H.
Remark. Note that the number of G-extensions is exactly one, since G = SH and every G-extension is trivial on S. Proof. The sufficiency is obvious so we prove the necessity. If G is not isomorphic to S × H, then there is a nontrivial element in S ∩ H, say s 0 . Since H has a faithful representation, it is always possible to choose a complex irreducible representation ρ of H such that ρ(s 0 ) = I. Then ρ does not extend to a representation of G by Lemma 3.2.
We now consider the normal subgroup S ∩ H in terms of the fundamental group of G/H. Since the restriction of the canonical projection p : G → G/H on S is surjective and its kernel S ∩ H is discrete, we have the universal covering homomorphism
where G/H denotes the universal covering of G/H (see also [HM98, Proposition 9 .12]). Then S ∩ H, the kernel of p| S , is the image of the kernel of p| S • q by q, and the kernel of p| S • q is isomorphic to π 1 (G/H). Hence there is a surjective homomorphism π 1 (G/H) → S ∩ H. In particular, every element in S ∩ H has a finite order which divides the order of an element of π 1 (G/H).
¿From now on we shall consider the general case, so G/H will be assumed to be connected (not necessarily semisimple). Denote by (G/H) ′ the commutator subgroup of G/H. Note that (G/H) ′ is semisimple connected [HM98, Theorem 6.18]. The following lemma reduces the extension problem to the case when G/H is semisimple. Proof of Theorem 1.1. Consider a sequence H ⊳ p −1 (G/H) ′ ⊳ G. Then the factor group p −1 (G/H) ′ /H is nothing but (G/H) ′ , and G/p −1 (G/H) ′ is isomorphic to a torus. Hence, the first statement immediately follows from Corollary 3.3 and Lemma 3.4.
For the last statement, we claim that the torsion subgroup of π 1 (G/H) is isomorphic to π 1 ((G/H) ′ ). Denote by T the torus (G/H)/(G/H) ′ . Then the homotopy exact sequence of the fibration (G/H) ′ → G/H → T implies that π 1 (G/H) ∼ = π 1 ((G/H) ′ ) ⊕ π 1 (T ), since the second homotopy group of a compact Lie group vanishes, see [BtD85, Proposition 7.5, Chapter V]. Since (G/H) ′ is semisimple, the finite group π 1 ((G/H) ′ ) is isomorphic to the torsion subgroup of π 1 (G/H) as we claimed. Therefore, if π 1 (G/H) is torsion free, then S ∩ H = {e} in Lemma 3.1 and H factorizes p −1 (G/H) ′ into a direct product.
Proposition 3.5. Let G be a compact Lie group and H a closed normal subgroup of G such that G/H is connected. Let A be the set of all elements in Z(G 0 )∩H of finite order dividing the order of some element in Tor(π 1 (G/H)). Then every complex H-module with trivial A-action extends to a G-module.
Proof. Choose a semisimple closed normal subgroup S of p −1 (G/H) ′ as in Lemma 3.1. Then S ∩ H is contained in A since every element in S ∩ H has an order which divides the order of element of π 1 ((G/H) ′ ) ∼ = Tor(π 1 (G/H)). Therefore, applying Lemma 3.2 and then Corollary 2.4 we obtain a desired G-extension.
Remark. Proposition 3.5 is still valid for real H modules if G/H is semisimple and connected because the sufficiency of Lemma 3.2 is also true even in the real category.
Extensions when G/H is a finite subgroup of O(2)
In this section we treat real and complex G-extensions of H-modules when G/H is a finite subgroup of O(2), namely G/H is a finite cyclic group or a dihedral group.
The following lemma which is well-known in finite group theory and originated from [Gal62] provides the number of G-extensions if they exist. A generalized result of the lemma for finite groups can be found in the Isaacs' book [Isa76, Theorem 6.16] and the proof given in the book holds for compact Lie groups when G/H is finite. However we do not assume the finiteness of G/H here.
Lemma 4.1. Let G be a compact Lie group and let H be a closed normal subgroup of G. Suppose a complex irreducible H-module V has a G-extension. Then there is a oneto-one correspondence between the set of G-extensions of V and the set of G/H-modules of dimension one.
Proof. Choose a G-extension W of V . For a G-extension W ′ of V , we have a natural map
Here, Hom H (W, W ′ ) has a canonical G-action induced from those of W and W ′ , and it is a G-module of dimension one with trivial H-action. Since we can view Hom H (W, W ′ ) as a G/H-module of dimension one, the one-to-one correspondence follows immediately from the map W ′ → Hom H (W, W ′ ).
Remark. Given a G-extension W of V , note that every G-extension of V has the form of the tensor product of W and a G-module of dimension one with trivial H-action, which is induced from a G/H-module of dimension one by the homomorphism G → G/H.
The following Proposition 4.2 and 4.3 are the generalization of the well known extension results for complex representations of finite groups, and the reader can find many different proofs for them, see Corollary 11.22 of [Isa76] for example. Here we give an elementary proof of them for reader's convenience.
Proposition 4.2. Let H be a closed normal subgroup of a compact Lie group G such that G/H is finite cyclic. A complex irreducible H-module extends to a G-module if its character is G-invariant. Moreover, the number of mutually non-isomorphic Gextensions agrees with the order of G/H.
Proof. Let ρ be an irreducible matrix representation of H corresponding to the given Hmodule. It suffices to show that ρ extends to a representation of G. Choose an element a of G which induces a generator of G/H. Since the character of ρ is G-invariant, the conjugate representation a ρ defined by a ρ(h) = ρ(a −1 ha) for h ∈ H is isomorphic to ρ. Therefore there exists a nonsingular matrix Q such that Qρ(h)Q −1 = a ρ(h) = ρ(a −1 ha) for all h ∈ H. Set n = |G/H|. Using the identity above repeatedly, we have Q n ρ(h)Q −n = ρ(a −n ha n ) = ρ(a n ) −1 ρ(h)ρ(a n ), where the last equality follows from the fact that a n ∈ H. The identity above shows that ρ(a n )Q n commutes with ρ(h) for all h ∈ H. Since ρ is irreducible, it follows from the Schur's lemma that ρ(a n )Q n is a nonzero scalar matrix. Taking a suitable scalar multiple of Q, it can be assumed that the nonzero scalar matrix is the identity matrix. We then define ρ(a) to be Q −1 so that ρ extends to a representation of G. The last statement follows from Lemma 4.1.
When G is finite the following proposition is an immediate consequence of Corollary 11.31 in [Isa76] . (1) If n is odd, then there are two mutually non-isomorphic G-extensions of V .
(2) If n is even, then there are either four mutually non-isomorphic G-extensions of V or none.
Proof. Since the number of complex G/H-modules of dimension one is two if n is odd and four if n is even, it suffices to show by Lemma 4.1 that there is at least one Gextension when n is odd. Choose elements a, b ∈ G such that G is generated by H and the elements a and b under the conditions a n , b 2 , and (ab) 2 ∈ H. Let P be the subgroup of G generated by a and H. Then H is a normal subgroup of P such that P/H ∼ = Z/nZ, and P is a normal subgroup of G such that G/P ∼ = Z/2Z. Since the character of V is G-invariant, there is a P -extension of V , say W , by Proposition 4.2. It follows from the remark after Lemma 4.1 that the P -extensions of V have the form W k = W ⊗ Ω k for k ∈ Z/nZ, where Ω k denotes the P -module of dimension one induced from the P/H-module of dimension one, defined by a · z = e 2πik/n z for z ∈ C.
If the character of W k is not G-invariant, then ind G P W k is irreducible and res P ind G P W k is isomorphic to W k ⊕W ′ k for some P -module W ′ k not isomorphic to W k [BtD85, Lemma 7.4, Chapter VI]. Since W ′ k is also a P -extension of V , it is isomorphic to W l for some l such that l ≡ k (mod n). Paring a P -module W k , whose character is not G-invariant, with another P -module W l ∼ = W ′ k , l ≡ k (mod n), leaves us at least one P -module W i whose character is G-invariant, since n is odd. Thus the existence of a G-extension follows from Proposition 4.2.
We now consider the extension problem in the real category. In contrast to the complex category, not much seems to be known for the extension problem in the real category. In particular, Proposition 4.2 does not hold even in the case when G/H is of order two.
We fix some notation and terminology. For a (real or complex) H-module V denote by ind G H V the induced G-module of V , and by χ V the character of V . In case that V is a complex H-module, the realification of V , denoted by r C R V , means the real H-module induced from V by forgetting the complex structure.
Definition and Lemma (Section 6, Chapter II [BtD85] ). A real irreducible H-module U (and its character) is called of real, complex, or quaternionic type, respectively, if its endomorphism algebra Hom H (U, U) is isomorphic to R, C, or H, respectively. Moreover, the type of U is characterized by the complexification U ⊗ C as follows.
(1) U is of real type if and only if U ⊗ C ∼ = V for some complex irreducible H-module V such that V ∼ = V . In this case r C
In this case r C R V ∼ = U and χ U = 2χ V . The complex irreducible H-module V is also called of real, complex, or quaternionic type, respectively, according to the type of U.
Let U be a real irreducible H-module of complex or quaternionic type. By Definition and Lemma, there exist a complex irreducible H-module V such that the realification
(1) If U is of quaternionic type, then the character of V is G-invariant.
(2) If U is of complex type, then the character of V is G-invariant when G/H is finite cyclic of odd order.
(2) Choose an element a ∈ G that induces a generator of G/H. Since a n ∈ H we have a n
On the other hand because
The following proposition gives an extension result for irreducible real H-modules when G/H is finite cyclic of odd order. Proof. Let U be a real irreducible H-module. If U is of quaternionic or complex type, then there exists a complex irreducible H-module V such that r C R V ∼ = U and χ V is G-invariant by Lemma 4.4. Hence V has a complex G-extension by Proposition 4.2, and the realification is a desired G-extension of U.
If U is of real type, then the proof of Proposition 4.2 holds. The difference is that we are not able to use the Schur's lemma. But we may view ρ(a n )Q n as an element of Aut H (ρ) ∼ = GL(1, R), which is also a nonzero scalar matrix. Since n is odd, it is possible to take a suitable scalar multiple of Q which makes the nonzero scalar matrix the identity matrix.
Remark. If U is of quaternionic type, then U has a G-extension even in the case when G/H is finite cyclic of even order.
In contrast to the complex category, when G/H is dihedral, the condition of Ginvariance is no longer sufficient for a real irreducible H-module to have a G-extension.
Proposition 4.6. Let H be a closed normal subgroup of a compact Lie group G such that G/H is dihedral of order 2n with odd n. A real irreducible H-module U with Ginvariant character extends to a G-module if it has a K-extension for some subgroup K of G which contain H as an index two subgroup.
Proof. Choose elements a, b ∈ G such that G is generated by H and the elements a and b under the conditions a n , b 2 , (ab) 2 ∈ H. Let P denote the subgroup of G generated by H and a. We may assume that K is generated by the element b and H.
Case 1: Suppose U is of quaternion type. Then the complex H-module V in Lemma 4.4 has the G-invariant character. Hence Proposition 4.3 shows that V has a G-extension W . Then realification r C R W is a desired G-extension. Case 2: Suppose U is of complex type. Since P/H ∼ = Z/nZ and n is odd, there exists a complex irreducible H-module V such that r C R V ∼ = U and χ V is P -invariant by Lemma 4.4 (2). If χ V is G-invariant, then Proposition 4.3 implies that U has a G-extension, and we are done.
We assume that
On the other hand, we have a real K-extension U of U by assumption. Then U ⊗ C becomes a complex K-extension of U ⊗ C ∼ = V ⊕ V so that U ⊗ C ∼ = ind K H V is of real type since its realification is reducible.
Note that there are n mutually non-isomorphic complex G-extensions of V ⊕ V , see [Isa76, Theorem 6.11]. Indeed, Proposition 4.2 shows there are n mutually nonisomorphic complex P -extensions V i , i = 1, . . . , n, of V . Then {ind G P V i | i = 1, . . . , n} is the set of all mutually non-isomorphic complex G-extensions of U ⊗ C ∼ = V ⊕ V . Moreover, ind G P V i is not of quaternionic type for all i = 1, . . . , n because a Ginvariant quaternionic structure on ind G P V i induces a K-invariant quaternionic structure on res K ind G P V i ∼ = ind K H V , but ind K H V is of real type, cf. [BtD85, Proposition 6.5, Chapter II].
If ind G P V i is of complex type, i.e., ind G P V i is not isomorphic to its conjugation, then the conjugation of ind G P V i is also a G-extension of V ⊕ V . Therefore, because n is odd, there must exist at least one j ∈ {1, . . . n} such that ind G P V j is isomorphic to its conjugation. Then ind G P V j is of real type, i.e., r C R (ind G P V j ) is reducible and its direct summands give desired real G-extensions of U.
Case 3: Suppose U is of real type. We can choose a complex G-extension W of U ⊗C by Proposition 4.3. If the realification r C R W is reducible, then its direct summands give desired real G-extensions of U, and hence we are done.
Suppose r C R W is irreducible. Then W is not of real type. Moreover W is not of quaternionic type since res H W ∼ = U ⊗ C and it is of real type. Hence W is another complex G-extension of U ⊗ C such that W ≇ W . By the remark after Lemma 4.1 the conjugation W is isomorphic to the tensor product of W with a complex G-module T of dimension one with trivial H-action. Since n is odd it is easy to see that there is only one such T , and on which P acts trivially. Hence χ W = χ W on P and χ W = −χ W on G \ P .
Consider the realification of res K W . By the Frobenius reciprocity we have dim R Hom G (r C R (res K W ), ind K H U) = dim R Hom H (2U, U) = 2. This together with dim R r C R (res K W ) = dim R ind K H U implies that r C R (res K W ) ∼ = ind K H U. From the hypothesis that U has a K-extension, which is clearly a direct summand of ind K H U, the induced K-module ind K H U, and hence r C R (res K W ), is reducible. It follows from Definition and Lemma that res K W is of real type, i.e., res K W is isomorphic to U ⊗ C for some real irreducible K-module U . In particular χ W has real values for all elements in K. Since χ W = −χ W on G\P the character χ W is zero on K ∩G\P = K \H.
On the other hand we have the following equation
Here the first equality follows from the Fubini theorem [BtD85, Proposition 5.16, Chapter I]. But this contradicts to the fact that res K W is irreducible.
Remark. Proof of the above proposition shows that if U is of quaternion type, then U always extends to a K-module. In other words, If U is of quaternion type, it always extends to a G-module.
